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FULLY DEGENERATE POLY-BERNOULLI NUMBERS AND 

POLYNOMIALS 

DAE SAN KIM AND TAEKYUN KIM 


Abstract. In this paper, we introduce the new fully degenerate poly-Bernoulli 
numbers and polynomials and inverstigate some properties of these polynomi¬ 
als and numbers. From our properties, we derive some identities for the fully 
degenerate poly-Bernoulli numbers and polynomials. 


1. Introduction 


It is well known that the Bernoulli polynomials are defined by the generating 
function 


( 1 . 1 ) 


t 


= (see [H-ill). 


n—0 


When a; = 0, Bn = Bn (0) are called the Bernoulli numbers. From (jl.lll . we note 
that 


( 1 . 2 ) 

and 

(1.3) 


Bn {x) = ^ Bix^ (n > 0) 


Bo = 1, Bn (1) - Bn = i5i.n, (u £ N), (see [l|, 


where 5n,k is the Kronecker’s symbol. 

In [^, L. Carlitz considered the degenerate Bernoulli polynomials which are given 
by the generating function 


- -(1 + A<)^ = /3n,\ (x) -7. 

1 nl 


n—O 


(1.4) - 

(1 +At)^ - 1 

When X = 0, /3n,A = /3n,\ (0) are called the degenerate Bernoulli numbers. From 
(dD and (d, we note that 


(1.5) 


t 


-e“‘ = lim-j-(1 + At)^ = W lim (x) 

T -I i-D r?' 


e*-l 
Thus, by (11.51) . we get 


n—0 


( 1 . 6 ) 


Bn (x) = lim I3n,x (x ), (see 

A^O 
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By ( 1131 ), we get 

(1.7) 

and 

( 1 . 8 ) 


■j-IL 

X! (1) - /3m, a) —,= t, 

n\ 


n=0 




.-I 


From dni), we have 

(1-9) Pn,x{l)-Pn,X=Kn. (« > 0) , /3o,A = 1- 

Now, we consider the degenerate Bernoulli polynomials which are different from 
the degenerate Bernoulli polynomials of L. Carlitz as follows: 

^ 1 + At ^ = y Va [x) 


( 1 . 10 ) 


(1 + At)^ -1 


n—0 


When x = 0, bn,x = bn,x (0) are called the degenerate Bernoulli numbers. 

Note. The degenerate Bernoulli polynomials are also called Daehee polynomials 
with A-parameter (see 0 ). 


From (II.IOL we note that 
t 


( 1 . 11 ) 


e‘ — 1 


"=lim + (i + Ai)x 

+ -1 

t" 


E lim (a;) —r- 

A^o n! 


( 1 . 12 ) 


n—0 

By dn]) and (ll.llL we see that 

Bn (x) = lim bn,x (x ), (n > 0). 

A—>-0 

The classical polylogarithm function Life (x) is defined by 

t" 


Lifc(t) = y—, (fceZ), (see [nilill) . 


n—1 


It is known that the poly-Bernoulli polynomials are defined by the generating 
function 


(1.13) 


Lifc(l-e-‘)^,, 


1 — e“* 
When fc = 1, we have 


fn _ _ _ 

= y [x) —, (see H [Tl|, [H) . 
n\ 


n—O 


(1.14) 


ysw (x)- = - 
n! 1 


xt ^ 


^{x+l)t 


n—0 


e* - 1 


fn 

= y (a^+i)^- 


n—O 


By p.l4|) , we easily get 

y) (x) = (x + 1), (n > 0). 
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Let a: = 0. Then (0) are called the poly-Bernoulli numbers. 

In this paper, we introduce the new fully degenerate poly-Bernoulli numbers and 
polynomials and inverstigate some properties of these polynomials and numbers. 
From our investigation, we derive some identities for the fully degenerate poly- 
Bernoulli numbers and polynomials. 


2. Fully degenerate poly-Bernoulli polynomials 


For /c G Z, we define the fully degenerate poly-Bernoulli polynomials which are 
given by the generating function 


( 2 . 1 ) 


Life + 


_ -LVi 


1 — (1 “ 1 “ 


n=0 


When a: = 0, (0) are called the fully degenerate poly-Bernoulli 

numbers. 

From (|1.13l) and (12.IL we have 




( 2 . 2 ) 


Life(l-e ‘) t 


1 — e 


- t \ Life - (1 + Xt) 

= lim ^ '' 


1 — (1 “1“ Xt) 

j.n 

= Y lim [x) —. 
^ a-ao n! 


A-s-O 

OO 


(1 + At)- 


n=0 


Thus, we get 

(2.3) 

By m, we get 

(2.4) 


Ya > 0) • 


A->-0 


n—O 

Life — (1 -l- Xt) 

1 - (1 -t Xt)~^ 


(l-bAt)^ 


n—0 \Z=0 


-I 


r 

n! 


Thus, from (|2.4p . we have 

(2-5) Plti i^ + y) = 'X2[i) (f) , A (a^) ^ (« > 0), 

and 

z=o ^ ^ 

Therefore, by (I13D and (USD, we obtain the following theorem. 
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Theorem 1. For fc S Z, n > 0, we have 

n 

( 2 - 6 ) Pnl {x + y) = Y^ 

and 


1=0 


t / \ A / n—l 


( 2 ;) = (^) > 

where (x)„ = x {x — 1) ■ ■ ■ {x — n + 1) = J2?=o 0 

From (12.IF we can derive the following equation: 


(2.7) 




n=0 

Thus, by (j2.7F we get 


(1 + At)^ -1 


(1 + At) 


( 2 . 8 ) 


J.TL 

n—0 

Life (l-(l + At)-^) 
(l-(l + At) 


= E 


m—1 

00 


m 

\m+l 


^ / -I \m-\-i 


m+1 


rll^O i'^T- + 1) 

\m+l 


i^o +1) '' 




= EE 


(-1)^ 


^ m=o + 1) 


'''' -in 

(m + 1)!52 {I, m+1) (-1)' A-' V (n, 1) A"- 

n! 


n—l 


= E EE 


m!(m+l)(— 1 )* ™ 1 ’■S 2 {l,m + 1) Si{n,l)\ F 


n=l \l=l m=0 (m+1) 


where S 2 (n, 1) and Si (n, 1) are the Stirling numbers of the second kind and of the 
first kind, respectively. 

Therefore, by (12.8F we obtain the following theorem. 


Theorem 2. For k G Z, n > 1, we have 


n 1 — 1 


/ 3 i':l-Cl(-i) = EE 


! (_ 1 )'—1 A —'^2 {I, m + 1) Si {n, 1) 

k-1 


l=l m=0 (rn + 1 ) 

From (I1.12L we can easily derive the following equation: 

Life {t) = ^Life (t) = Eife_i (t). 


(2.9) 
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Thus, by (12.9p . the generating function of the fully degenerate poly-Bernoulli 
numbers is also written in terms of the following iterated integral: 

(2.10) I" ' 


(1 -f At) i - 1 Jo ((1 Xty - l) (1 -f At) 


'o ((1 + At)^ - l) (1 + At) 


'o ((1 + At)^ - ij (1-f At)^77';i^^ 


t" 

n=0 

For fc = 2, we have 




( 2 . 11 ) 


t" 

n! 


log (1 -I- At)- 


2^Pn,\n\ 

n—0 

(l + At)^ 

{1 + Xty -iJo (1-tAt)^ -1 
(1-fAt)^ 

(1 + At)^ -1 

f—^ 

V(l + At)^ -1 


(1 -I- At) dt 


OO 


t'^dt 


\m—0 


{i + xty- 


q-A) 


E 


OO / n 


= E E 


q,A (1) 


6„-;,a (-A) \ tyy 

n — l + 1 in! 


n—0 \/=0 

Therefore, by (12.111) . we obtain the following theorem. 
Theorem 3. For n > 0, we have 


«(2) _ p ^n-i,\ (-A) 

/5n.A-E(^J/3,A(l) . 

;=o ^ 2 


Note that 




1=0 


Bn-I 


n — I + 1 


From (12.11) . we have 

j.n 

(2-12) E^S^u 

Life (l-(l + At)-^) 
1-(1 + At)"^ 

OO 1 


n,=0 + 1) 

(- 1 ) 


= E 


=Q (to -f 1) 


m—0 


^e“Tiog(i+^*) _ ly 
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(-ir 

= / - 




l—m 


°o / I , sm+l 1 \ , 

= Y.{J2 I ] T\ 

i=0 Vm=0 ("i+1) J ^■ 


oo / i / -,\m+i . \ oo 

= E (E \j, 1 E 0 


l—Q \m 
oo ( n I 


=0 (rn + 1) 


n—l 


= E ^ E E <'• “> 

n=0 L i=0 m=0 [in + i) 

Therefore, by (12.121) . we obtain the following theorem. 
Theorem 4. For n > 0, we have 

n I , ^ xm+i I 

Pnl = E E \ . .T S 2 {I, m) S, {n, 1) y 


nl 


.-I 


1=0 m=0 (w+1) 


Note that 


^ / 1 \m+n I 

= ITo = E — -(n, m). 


E'o + 1) 


m—0 


From (12.9F we have 
(2.13) ^Life (l-(l + At)-^) 


1 — (1 H“ 


(1 + Life_i (l - (1 + At)-^) 


= (l + At)-^-'^/3S 


(fe-i)i 


n—0 


On the other hand, 
d 


(2.14) _(Lit(l-(l + At)-*)) 


=s 


1 


1-(1 + At) ^ 


Lifc ^1 — (1 + At) 


= (1 + At) ^ ^ 


1 


1-(1 + At) " 
d 


rLifc ~ (1 + At) ^ ^ 


\n—0 


-iTL 


n—0 


oo 

+ (l-(l + At)-i)^^Jl 


n—l 


(n- 1)!' 
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By (|2.13|) and (I2.14L we get 
(2.15) 


Pn,\ 

n=0 

OO -f-Tl _1 

= + (1 + ((1 + 

n=0 ’ n=l ^ 

OO .rfi OO I'm 

n=0 m—0 

OO ^TTl 


m—0 




n=0 \l—l ^ ^ / \m=0 


/ \ / OO 




m! 




n=0 n—1 \m=0 ^ '' n—m 

cxD / n—1 / I 

Efi 

n—1 \m—0 

OO 


OO / n — 1 


a(fc) 

T/^n 


{n — m)\m\ "*+1’-^) n! 


•_i: ii:_I :_ 

(n — m)lml I nl 


n—0 



m+l,X „| 


n! ’ 


where 


Da 


iV • • (y - + l') = ^ -S'! (n, 0 A (n > 0). 

^ ^ '^1^0 


Thus, by f|2.15p . we have 


n—1 


( 2 . 16 ) + Y, A— 


m—0 


n—1 




m—0 



A--™m/3«, 


n—1 


= (n + 1) /3iD + Y 


m=l V \^/n-7n+l 


yi—m+1 p{k) 


m,A 


n — 1 




m—0 
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Therefore, by (|2.16|1 . we obtain the following theorem. 
Theorem 5. For n > 1, we have 



Now, we observe that 


(2.17) 


By (I2.17L we get 


OO 

n—0 

/ _ 1 \ ^ 

- (l-(l + At) 1 

hi 1 - (1+At)-^ 

-rLifc (l — (1 + At) ^ 

1-(1 + At)"^ ^ ^ 

°° . , 

V — 

2^Pn,\„r 


n—0 


CXD / OO \ t> 

= E(E(i-(i + "r*) + 

fc—0 \m—0 / 

m— 0 fc— 0 

OO 

= (l-(l + Ax)"*)™e(™+i)^ 

m—0 

OO 

= 'Y (—1)'^ ^g-T iog(i+^^) _ gO+i)y 
i=o 

= y (-1)^ j! y S2 (m, j) (-1)"^ A-’" 

i=0 m=j 

OO m OO 

= y y (-i)'+’"j!^ 2 (m,j)A-'" y S*! (n, m) A"—-e(f+i)i' 

m=0 j—0 n—m 
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OQ I n m 


n—0 \m—Oj—0 


,0+i)y 1 L 


n! 


oo oo I n m 


= EE EE(-lE™j!^”“'"^2(m,j)5i(n,m)(j + l) 

0 \ m—0 j—0 

Therefore, by (12.181) . we obtain the following theorem. 

Theorem 6. For fc S Z and n > 0, we have 

n m 

= E E (-lE"* (j + 1)'= ^2 (m,j) (n,m). 

m—0 

Note that 

n 

= lim/3i7/^ = ^ (-iy+” j! (J + 1)" ^2 (n, j). 

^ i=o 

From Theorem [U we have 


k 1 

n! A:! 


Z=0 ^ \ 2=0 


= E( ;>S E 


% — l — l ^ n —Z —1 


n ( 2 ^-*^)- 


1=0 ^ ^ j=0 ' ■’ ’ 1=0 

The generalized falling factorial (x | A)„ is given by 

(2.19) (x I A)^ = X (x — A) (x — 2A) • • • (x — (n — 1) A), (n > 0). 

As is well known, the Bernoulli numbers of the second kind are defined by the 
generating funcdtion 

( 2 . 20 ) 

We observe that 


log (1 +1) 


^ -f-n 

= E^"7T> (seeliq). 


n —0 


(2.21) / (1 + At)^dx = y A" / dx— 

Jo rrr, ^ ri\ 


n —0 
oo pi 


= E/ 


n=0 


On the other hand. 


( 2 . 22 ) 


(1 + At) ^ dx 
A 


log(l + At) + ^ 

At / (1 + At)^ -1 
log (1 + At) I t 
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\m—0 
oo / 




= E E 


(1 I A), 


/+! \n—l 


n—0 \l—0 

From (12.211) and (|2.22p . we have 


; + i 



(2.23) = 

By Theorem [H we get 

1=0 
n 

= E 




(1 I A),+i 

Z + 1 ^ 




(n > 0) . 


/=o 


= E E 


/3i-i,A f (x I A); dx 
Jo 

(1| A) 




m+1 


Z=0 \m—0 

3. Further remarks 


771+1 


o(fe) 


Let C be complex number field and let J- be the set of all formal power series in 
the variable t over C with 

OO 


(3.1) 




k=0 


dk ^ 


Let P be the algebra of polynomials in a single variable x over C and let P* 
be the vector space of all linear functionals on P. The action of linear functional 
L e P* on a polynomial p (a:) is denoted by {L\p {x )), and linearly extended as 

(cL + c'L'|p(a:)) =c{L\p{x)) +c' {L'\p{x )), 

where c, c' € C. 

For / [t) = we define a linear functional on P by setting 

(3.2) (/(t)| x") = a„ for all 77 > 0. 

Thus, by (13.2p . we get 


(3.3) (t^l x") = 77!(5„,fc, {n,k>0), (see 

For /^(t) = by <E31). we get (/L(t)|x") = {L|x"). In ad¬ 

dition, the mapping L i-A (t) is a vector space isomorphism from P* onto J-. 
Henceforth, T denotes both the algebra of the formal power series in t and the 
vector space of all linear functionals on P and so an element / (t) of JF can be re¬ 
garded as both a formal power series and a linear functional. We refer to J- umbral 
algebra. The umbral calculus is the study of umbral algebra (see [ilH,!!^). The 
order o (/ (t)) of the non-zero power series / (t) is the smallest integer k for which 
the coefficient of does not vanish. 

If o{f (t j) = 1 (respectively, o (f (t)) = 0), then / (t) is called a delta (respec¬ 
tively, an invertible) series (see [20|). For o (/ (t)) = 1 and o {g (t)) = 0, there exists 
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a unique sequence (x) of polynomials such that (^g (t) f (t)^ Sn (x)^ = n\Sn,k, 
(n, k >0). 

The sequence (x) is called the Sheffer sequence for (q (t), f (t)), and we write 
(9 it), fit)) (see 0). 

Let f (t) € T and p (x) € P. Then, by (13. we get 


(3.4) 






fc=0 


X 


From (|3.4p . we have 

(3.5) pW(0) = (t'=|p(x)) = (lb«(x)), 

where (x) = ^p(x), (see [i3,[iE0)- 
By (13.51) . we easily get 

(3.6) (x) = (x), e^*p (x) = p (x + p), and ( e^‘| p (x)) = p (p). 

From (13.61) . we have 


ey* - 1 


p(x)=/ piu)du, - l|p(x)) =p(p)-p(0). 

J X 


Let / [t) be the linear functional such that 

(3.7) {f (t)\pix)) = [ p{u)du, 

JQ 

for all polynomials p (x). Then it can be determined by (13.41) to be 

(3.8) 


fit)=^ilM^t^ 




k\ 




Thus, for p (x) S P, we have 

ey^ - 1 


t 


(3.9) 

It is known that 

(3.10) s„ (x) - (p(t) ,/(t)) 


p (x) ) = / P (u) du. 


9{fit))^ 


T(t) _ 


= ^Sfe(x)—, (xeC) 


fe=0 


where f (t) is the compositional inverse of / (t) such that / (/ (t)) = / (/ (t)) = t 
(see 00). 

From (12.IF we note that 


(3.11) 


f^nl ix) 


1 — e 


Life (1 - e ’ A 
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That is, 


EClc 


Life ^1 — (1 + At) 


n—0 


ai) -r = 

n! 


1-(1 + At) ^ 


(1 + At)^ . 


Thus, by (13.111) . 
(3.12) 


1 


- (e^* - 1) { (x) = (x ). 

On the other hand, 

(3-13) (e^‘ - 1) /3S (x) = (x + A) - (x). 

Therefore, by (13.121) and (I3.13|) . we obtain the following theorem. 
Theorem 7. For n € N, we have 

\ {/^Sl (x + A) - (x)} . 

By (1?^ , we get 


(3.14) 


- 1 .(0 M 


t 


Pn\i.^)= / I3n.xiu)du. 


From (13.141) . we have 


(3.15) 
Th 

(3.16) 


.jt _ I 


t 


ldi%iu)du. 


Thus, by p.l5l) . we get 
e‘ - 1 


t 


^nl (^) 


= / ldn,iiu)du 
Jo 


1=0 m=0 X / \ / 

Therefore, by (13.161) . we obtain the following theorem.. 
Theorem 8. For n > 0, we have 
e‘ - 1 


t 


-EE 


1=0 m=0 




m+1 


e‘ - 1 




= lim 


e‘ - 1 


A—^0 \ t 


Pnl (^) 






1=0 


T + 1 


Note that 
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Let 


For p (x) € P„ with p (x) = Ylm=o a (®)> have 


(3.17) 


= {p (x) G C [a:]| degp (x) < n} , (n > 0). 

\ m 

p(x) 


/ 1 - 


\ Life (1 - e *) 


= J^ai 


1=0 


\ Life (1 - e ‘) 


(a 




From (jS.llL we note that 
(3.18) 


(3.19) 


1 

\ Life (1 - e“*) VA 
By ()3.17|) and (I3.18L we get 

1 / 1 - e-‘ 


e^‘- 


/3g {x) ) = 


\ (e^‘ - 


to! \ Life (1 — e“*) \A 
Therefore, by (13.1911 . we obtain the following theorem. 
Theorem 9. Forp{x) G Pn, we have 

n 

P{x)=Y^ (x) , 


p{x)) , (to > 0). 


m—0 


where 


1 / 1 -. 


1 




p{x)) . 


^ to! \Life(l-e-‘) VA 
For example, let us take p (x) = Bn'^ (x) (n > 0). Then, by Theorem [9l we have 

n 


(3.20) 

where 

(3.21) 


m\ 

X- 


Bk^^ (x) = 

E 

771=0 


l-e"* 


(p^t 

Life (1 - e“‘) 

u 


l-e"* 


(p^t 

Life (1 - e-‘) 

u 




= A 

S 2 (n, to) . 




{x) 

Life(l-e-*) 
1 — e“* 


l—r, 


From (13.201) and (|3.21|) . we have 

n 

(x) = ^ A-™52 (n, to) (x). 


m—0 


(3.22) 
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